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Abstract

In sexual populations, beneficial mutations that occur in different lineages may be recombined into a single lineage.
In asexual populations, however, clones that carry such alternative beneficial mutations compete with one another
and, thereby, interfere with the expected progression of a given mutation to fixation. From theoretical exploration
of such ‘clonal interference’, we have derived (1) a fixation probability for beneficial mutations, (2) an expected
substitution rate, (3) an expected coefficient of selection for realized substitutions, (4) an expected rate of fitness
increase, (5) the probability that a beneficial mutation transiently achieves polymorphic frequetfity,(and (6)

the probability that a beneficial mutation transiently achieves majority status. Based on (2) and (3), we were able
to estimate the beneficial mutation rate and the distribution of mutational effects from changes in mean fitness in
an evolvingE. coli population.

Introduction The idea that progression of a beneficial mutation
to fixation may be impeded by competing beneficial
Asexual populations adapt to their environment by the mutations was articulated by Muller (1932, 1964) in
occurrence and subsequent rise in frequency of bene-the context of discussions on the evolutionary advan-
ficial mutations. Without recombination, a population tage of sex. Almostin passing, a brief theoretical treat-
must incorporate beneficial mutations in a sequential ment was later given by Haigh (1978), in which he
manner (Fisher, 1930; Muller, 1932, 1964; Crow & proposed a discrete-time model of competing benefi-
Kimura, 1965). The time required for fixation of aben- cial mutations. Employing a different approach, we
eficial mutation may be considerable if the population give a full theoretical treatment of the phenomenon of
is large; however, the mutation remains at low frequen- competing beneficial mutations and its consequences.
cy for much of this time (Lenski et al., 1991). While the The body of this paper is presented in two main
mutation is at low frequency, another beneficial muta- parts. Inthe first part, a probability of fixation is derived
tion may arise on the ancestral background. If two that incorporates the effect of competition between
such beneficial mutations occur in a sexual population, beneficial mutations, and some consequences of this
then the two novel genotypes can recombine to form a derivation are then explored. The dynamics of fixation
fitter double-mutant (assuming no negative gene inter- are such that a relatively simple derivation suffices. In
actions). In an asexual population, however, these two the second part, the probability is derived that a ben-
novel genotypes compete with one another. Such com-eficial mutation achieves a frequency greater than or
petition between beneficial mutations slows the spread equal to some specified frequendy,From this, the
of, and may even eliminate, the first mutation. Such probability that a beneficial mutation becomes tran-
‘clonal interference’ between beneficial mutations has siently polymorphic (0.0&f<1) or transiently com-
many important consequences for the dynamics of evo- mon (0.5<f< 1) is derived. The derivations in the sec-
lution in asexual populations. ond part require treatment of the dynamics of a three-
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genotype system; hence, the derivations are more com-

plex than those of the first part.

Clonal interference and fixation
Clonal interference among beneficial mutations

Some definitions. We refer to the common progenitor

If total population size N, is constant, then the
dynamics of the two genotypes are logistic (see, for
example, Crow & Kimura, 1970). Letdenote the dif-
ference in Malthusian parameters between ancator
and beneficial mutartb. We have chosen the letter
because, under logistic growth, a difference in Malthu-
sian parameters is equivalent to a selection coefficient
when the unit of time is generations. Lgtdenote
the beneficial mutation rate per capita, per generation.

of one or more mutants as the ‘ancestor’; the ancestral Definet; as the time to virtual fixation of the mutant

genotype, which is haploid, is denoted &y, and the
number of carriers of thab genotype present at time

t is denoted by(t). A mutant that carries a beneficial
mutation has genotyp&b and hag/(t) carriers at time

t. Another mutant that carries an alternative mutation,
also beneficial, has genotyp® and has(t) carriers

at timet. When discussing a beneficial mutation that is
followed by the appearance of one or more alternative
mutations, the first beneficial mutation shall often be
described in retrospect as the ‘original mutation’. If the
original mutation is followed by a superior mutation,
then there is a significant probability that the original
mutation will be eliminated. This phenomenon, where-
by the fate of an original beneficial mutation is altered

by the appearance of a superior alternative mutation,

shall be called ‘clonal interference’.

The expected number of interfering mutationsve

subpopulation, i.e.y(ty) = N-1. The expected num-
ber of further beneficial mutations between the time of
appearance of the original mutation and its fixation is

ty
plzydt=LNinN.
S
0

1)

Of these beneficial mutations produced, we now cal-
culate the fraction that interfere with the growth of the
original mutation. We assume the effects of beneficial
mutations to be exponentially distributed (c.f. Kimura,
1970; sediscussiof. Hence, the probability density
for sis a €%, wherea characterizes the distribu-
tion of mutational effects and may be determined from
empirical data (seEstimation of parameteys

In the first few generations of growth, a beneficial

derive here the expected number of alternative muta- mutation may be lost due to random sampling events, or

tions that are superior to a beneficial mutation and
hence interfere with the progress of that mutation to
fixation. Assuming that the number of such interfer-
ing mutations is Poisson distributed, we determine the
probability that no interfering mutation occurs by cal-
culating the zero-class. This probability is an impor-
tant factor in determining the likelihood of fixation of
a beneficial mutation.

Suppose a population is homogeneous until the

drift. We employ the general notation(s), to denote
the probability that a beneficial mutation is not lost by
drift in these first few generations. (Although depen-
dence ons alone is indicated by our notation, this
probability may in some cases be a function of oth-
er parameters as well.) All further derivations employ
the general notationy(s), whereas all computations
implement the approximationys(s) ~ 4s, which is
derived in Appendix | for the special case of bacterial

appearance of a beneficial mutation, at which time the populations. We emphasize that our analytical results
population consists of two fithess variants: the ances- are general for asexual species; implementing these
tral genotype and the beneficial mutant. Let the benefi- results, however, depends on first finding an appro-
cial mutant appear in the ancestral population at time priate function,r(s), for the particular species under

= 0. The beneficial mutant, being competitively supe- study. A viral species, for example, might be assumed

rior to the ancestor, slowly displaces the latter until
finally reaching fixation at some timé;. Therefore,
the time interval during which the beneficial mutation
is present but not yet fixed is (@;). The expected
number of interfering mutations is simply the expect-
ed number of mutations occurring in the interval (O,
ty) on the wildtype background that are competitively
superior to the original beneficial mutation.

to have a Poisson distribution of offspring, in which
casen(s) ~ 2swhen population size is constant (Hal-
dane, 1927). Expressions for probabilities of surviving
drift in fluctuating populations are given in Otto and
Whitlock (1997).

In light of the two preceding paragraphs, the prob-
ability that an arbitrarily chosen beneficial mutation
(i) has a selection coefficient greater traand i)



survives drift is
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All further derivations assume that(u) is linearly
related tou, in which case this integral is equivalent to
e (s + 1).

Because loss by drift occurs in the first few gen-
erations, whereas loss by clonal interference is more
probable in later generations, we can make the sim-
plifying assumption that these two processes are inde-

pendent. Therefore, the expected number of mutations

occurring in the interval (Ot;) that are superior to a
given beneficial mutation with selective advantage,
and that survive the effects of drift is

1
A o, N) = ENIn(N) e n(s + =), (2)
S «
This is the expected number of interfering mutations.
Fixation probability of a beneficial mutation

If a beneficial mutation survives the first few genera-
tions and is not lost by drift, its fixation is still far from
ensured. In fact, fixation of a beneficial mutation may
be very unlikely as a consequence of the presence of,
and competition with, alternative mutations.

A beneficial mutation is fixed only ifi) it survives
drift, and (iij) no superior mutation appears and sur-
vives drift in the time interval required for fixation.
Given selective advantaggethe probability that a ben-
eficial mutation will not be lost by either drift or clonal
interference is simply the product,

3)

This probability is plotted againstin Figure 1. Final-
ly, the probability density for the condition that a given
beneficial mutation confers a selective advantage

a €%, The probability, therefore, that an arbitrari-
ly chosen beneficial mutation will become fixed in a
population is

Pr{fiz|s,o, p, N} = m(s)e  MHomN)

Pr{fizla,u, N} =

a [ n(s) e~ M N)—asgq
0

(4)

In Figure 2, the fixation probability given by equation
(4) is plotted for different combinations of andN.
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Figure 1 The probability that a given beneficial mutation with
selection coefficients, achieves fixation. Equation (3) with = 35,
1w=2.0x 102 andN=3.3x 10'.
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Figure 2 The probability of fixation of an arbitrarily chosen bene-
ficial mutation is a decreasing function of both beneficial mutation
rate,u, and population sizé\ (Equation [4]). The exponential para-
meter, ., appears only to shift the curves down vertically without
changing their shape.

Note the dramatic decrease in fixation probability with
increasing beneficial mutation rate and with increasing
N. The above calculations will become more informa-
tive and useful when the fixation probability is con-
verted to an expected substitution rate of beneficial
mutations in a population.
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¢ .= 100 where< - > denotes the expected value. As shown
in Figure 3, a very large change in beneficial mutation
rate (several orders of magnitude) has little effect on the
substitution rate of the population, especially when the
population is large. This constraint may be thought of
as a ‘law of diminishing returns,’ where the investment
is the number of beneficial mutations produced by a
population and the returns are adaptive substitutions.

N = 10°

The expected selection coefficient of successful
0 mutations

-2 N = 10° Figure 1 shows that there is some critical valuesof
— N = 10® below which the probability of fixation of a benefi-
-4 cial mutation is essentially zero. A beneficial muta-
tion whose selective advantage is small is not likely to
=61 =100 become fixed because it must compete with many supe-
rior mutations. On the other hand, a beneficial mutation
“'_10 _‘B _‘6 y whose advantage is large is less likely to be produced.
Hence, there must be some intermediate selection coef-
Logyo(Beneficial Mutation Rate, p) ficient that balances the fixation advantage of lasge
. - o . _ with the more frequent occurrence of sn&lT his bal-
Figure 3 The substitution rate of a population is an increasing . -
function of its beneficial mutation rate (Equation [5]). When the ance corresponds to the expected selection coefficient

population size is large, however, a large change in beneficial muta- Of successful mutations.
tion rate hardly affects the substitution rate. Let p(s) = Kn(s) e—A(sya,u,N)—as' whereK is a

Log,, (Expected Substitution Rate, G)

o0
normalizing constant such thdtp(s) ds = 1. Then

The expected rate of substitution p(s)is the probability densitythoat a beneficial mutation
of selective advantagewill be (i) produced andii)

We now make a simple, intuitive, but erroneous cal- fixed. Therefore, the expected value for the selection

culation in order to demonstrate that the results of this coefficient of successful mutations is

section may counter a seemingly reasonable train of

thought. The total number of beneficial mutations pro-

duced per generation by a population is equal to the )

beneficial mutation rate times the humber of individ- _

uals in the populatiorN. Suppose that a fractiors4 <sloyp N)>= / spls) ds. ©)

survive drift. If one made the assumption that a certain 0

fixed fraction, 3, of these beneficial mutations go to

fixation, then the rate of substitution would b&3N. Figure 4 reveals that this expectation is essentially con-

Put differently, the rate of substitution might be pre- stant foruN < 0.01 and increases approximately lin-

sumed to be a linear function of either mutation rate or early with the log of population size whei > 0.1.

population size. In this section, however, we show that

when clonal interference is taken into account and the Effect of clonal interference on rate of fitness increase

population is large, mutation rate and population size

have surprisingly small effects on substitution rate. At this point, sufficient information has been provided

With the fixation probability given by equation (4),  to determine how clonal interference between benefi-

the expected substitution rate of beneficial mutations cial mutations affects the rate of adapti\/e evolution.

is given by Having derivedi) the rate at which substitutions occur
and(ii) the expected selective advantage conferred by
substitutions, we now calculate the expected rate of

< o(a,p, N) >= uNPr{fiz|a,u, N}, (5) fitness increase simply as the produc(ipand(ii):
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Figure 4 The expected selection coefficient of substitutions(a,

u, N)>, is an increasing function of population siZ¢, Equation

(6) with o = 35, andp = 2.0 x 10~°. The solid line indicates the
expected value; the dashed lines indicate numerically determined
95% predictive confidence limits.
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Figure 5 The rate of fitness improvemen%f# , is an increasing
function of both population sizéy, and beneficial mutation ratg,
Equation (7) witha = 35. This rate of increase decelerates substan-
tially, however, due to increased clonal interference whkin> 0.1
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Estimation of parameters: an empirical example

The previous developments show some characteristic
consequences of clonal interference; yet, these devel-
opments remain at the level of sweeping generalities
until we find the region of parameter space in which
biological reality lies. We demonstrate here that the
parameters. andp may, in fact, be estimated empiri-
cally.

Equations (5) and (6) govern the expected rate of
substitution and the expected selection coefficient of
substitutions, respectively, both being functiongof
u, andN. If N is known, then the resulting two equa-
tions contain two unknowns and are linearly indepen-
dent:

< s(a,pu) > —sops =0 (®)
<o(a,pu) > —0mws =0
The parameters andy may, therefore, be determined
from this pair of equations given observed values for
the substitution rates,;;, and the selection coefficient
of substitutions, § ;.

It is possible to obtain such values by tracking the
fitness trajectory of an evolving population (Lenski et
al., 1991; Lenski & Travisano, 1994). The average time
between periodic selection events gives the reciprocal
of the substitution rate estimate; the average fitness
increase caused by periodic selection events gives an
estimate for the selection coefficient of substitutions.

As an example, we estimateandy using the fit-
ness trajectory observed for an evolvikgcherichia
coli population (Lenski et al., 1991; Lenski & Trav-
isano, 1994). This example serves two purpofes

(i.e., when more than one beneficial mutation is produced on average demonstrates the estimation procedure, @ha puts

every 10 generations).

dw
dt

< o(a,p, N) > < s(a, 4, N) >

ap N f S W(S) ef)\(s,oq;hN)fas ds (7)
0

Equation (7) is plotted againkbgio N in Figure 5 for
different mutation rates. It appears th’#l approaches
amaximum value for increasimg) The same is true for

1. Indeed, that a maximum value exists can be shown
mathematically. The implication is that there exists a
sort of ‘speed limit’ for asexual evolution imposed by
clonal interference.

us in the ‘biological ball-park’ of parameter space.
Lenski and colleagues serially propagated seviral
coli populations for 10,000 generations of binary fis-
sion in a constant environment. (A particularly nice
feature of working with bacteria is that samples of the
evolving populations may be frozen and later ‘resur-
rected’ for comparison with samples from earlier or
later times. In this way, one may track the evolution
of populations over time by competing the evolved
populations against the ancestor to estimate their rel-
ative fitness.) That calculation of generation num-
ber implies a discrete-time formulation of population
growth, whereas the mathematics in this paper employ
a continuous-time formulation. In the following esti-
mation of parameters, we adjust the number of genera-
tions by a factor ofn 2 (= 0.693) to reflect this differ-
ence. During the first 2000 generations of binary fission
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(=~ 1400 natural generations), they intensively assayed some point, it reaches a maximum frequency and then
fitness for one population (Lenski & Travisano, 1994). begins to decline. We are interested in the probabili-
The observed fitness trajectory was characteristically ty that the frequency at which this maximum occurs is
punctuated with sudden fitness increases followed by greater than or equal to some frequeficip determine
long periods of stasis. This general pattern is in accor- the probability that any particular beneficial mutation
dance with the results of previous sections: that due achieves a frequency of at ledstwe begin by com-
to clonal interference, the substitution of a beneficial puting the timet,, at which a superior mutation with
mutation is a rare, isolated event, and that the fitness selective advantage must have appeared to insure
increases due to substitutions are large. Based on threghat the original mutation achieves a maximum fre-
sudden fitness increases duriadl400 natural gener-  quency of exactly. Then we calculate the probability
ations (Lenski & Travisano, 1994), the average substi- that no such superior mutation occurs in the interval
tution rate is estimated ag,;s = 0.002 substitutions (0, t.); this is the probability that the original mutation
per generation; the average fithess increase resultingachieves a maximum frequency of at leligNote that
from a substitution is,;; = 0.1. The effective popula- t, is itself a function of the selective advantage,of
tion size with respect to the substitution of beneficial a given superior mutation.) To facilitate presentation
mutations, and given the serial transfer regime, was of this development, we introduce the term ‘candidate
determined to be 3.8 10’ (Lenski et al., 1991). replication’ to refer to any replication event which, if
We have estimated parameterandy from these it were to produce a superior mutation, would prevent
data by finding the point of intersection between the the original mutation from attaining frequenty
solution curves of equations (8). The solution for this Consider a three-genotype system with ancestor

system of equationsis= 35 andu = 2.0 x 10~° bene- original beneficial mutany, and alternative superior
ficial mutations per replication. Given that the genom- mutantz, the deterministic solution for the dynamics
ic mutation rate oE. coliis approximately 3x 103 of such a system is derived in Appendix Il. The time,

mutations per replication (Drake, 1991), one can infer t,,,., at which beneficial mutationy, reaches maxi-
that the proportion of mutations that are beneficial is mum number is a function of the time of occurrence,
roughly one in a million. t., of an alternative mutatiorg, which is superior to

We emphasize that these estimates depeiijl the Y, i€, thas = tnae (t2). The time,t., is that which
assumption of an exponential distribution of beneficial satisfiesy(t,.... (t.)) =f N, wheret,,,.(t.) is such that
mutational effects, angi) the assumption that and %%mm(tz) = 0. If the superior mutationz, were to
[ remain constant even as mean fithess increases. Theccur before time,, then the original mutationy,
empirical fitness trajectories referred to in this section would not achieve frequendyWe can, therefore, cal-
show a decreasing rate of increase, suggesting thatculate the probability that no superior mutation occurs
assumptiorii) is false if the environment is constant. intheintervalO, t.) by determining the expected num-
(See Assumptions of the models.) ber of such mutations in this interval and assuming that

they are Poisson distributed.
The first step in determining the expected number of

Transiently common mutations superior mutations interfering with the original muta-
tion is to calculate how many candidate replications
Clonal interference — a general model take place, i.e., the number of ancestral replications

Suppose that, while one beneficial mutation grows in in the interval (0.t.), or F = f t)dt. Butt. is a
number, a second beneficial mutation appears that isfunction of the selective advanta@, of the superi-
superior to the first. The population is now composed or mutation.R is closely approximated by evaluating
of three genotypes of interest: the ancestor and two t.(s.) at the expected value fa&, conditional on it
competing beneficial mutations. If the first beneficial being greater thas,, i.e., {, = t.({s.[s. > s,)),
mutation is not close to fixation, then its growth is where(s.|s. > s,) = s, + 1 is the expected selection
unaffected by the growth of the second, superior muta- coefficient of a superior mutation.

tion until the latter has become sufficiently abundant ~ The expected number of beneficial mutations in the
to affect the mean fitness of the population noticeably. interval (0,i.) is uR, wherey is the per-replication rate
When the superior mutation attains sufficient number, at which beneficial mutations are produced. Of these
the growth of the original mutation is retarded until, at
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1R beneficial mutations, only the fractia@at v will Probability of transiently polymorphic beneficial

be competitively superior tg, the original beneficial  mutations

mutation. And of thesg R e *®v superior mutations,

only another fractionr(s, + é) will survive drift. In this section, our objective is to determine with what
Therefore, the expected number of beneficial muta- probability one might expect a beneficial mutation to
tions that occur in the interval (8,, that are superior  risetemporarilyto polymorphic frequency. We define
toy, and that survive drift i§y = pRe~**vm (s, + %). polymorphic frequency as any frequency greater than
Because this expectation is a functionsyf but not or equalto 0.01. In th€lonal interference and fixation
s,, we simplify our notation at this point by letting section, we were only concerned with whether or not a
s = s,. The analytical solution foR, the number of beneficial mutation became fixed in a population, i.e.,
candidate replications, is derived in Appendix Ill. The whether or notf > % Now, we examine the prob-
resulting expected humber of superior mutations that ability that the frequency, of a beneficial mutation

would prevent a given beneficial mutation from attain- exceeds 0.01 yet never reacH%;l. This is the prob-

ing frequencyf is ability that a mutation will be transiently polymorphic.
Given that a beneficial mutation survives drift, the
U(s,a, pu, N, f) = 9 probability that it will achieve polymorphic frequen-
pNIn(N/x) e n(s + 1), ©) cy is e ¥(s:1N.00)  Gjyen that the same mutation
achieves polymorphic frequency, the probability that it
where does not reach fixation is computed as the probability
that at least one superior mutation appears in the inter-
y=1+ ! ((} — 1)(asN)=sti — as) ) val (¢, t;. The expected number of superior mutations
as+1\'f appearing in this interval is:
Thu_s, the probgbility that a given benefi_cial mutation v(s,a,pu, N, f) = (11)
achieves a maximum frequency of at lefist LNIn(x)e (s + %)7

wherey is as defined in equation (9). Therefore, giv-
en that a mutation with selective advantage,has
achieved polymorphic frequency, the probability that
it does not reach fixation is 4 e~ A(5:®:#N.001) The
probability that a mutation will be transiently polymor-
phic is the product ofi) the probability that the muta-
tion survives drift(ii) the probability that the mutation
achieves polymorphic frequency givéh and(iii) the
probability that the mutation does not reach fixation
given (ii). Therefore, the probability that any arbi-
trarily chosen beneficial mutation transiently achieves
polymorphic frequency is

7(s) e V(BN (10)

where the effect of drift is incorporated hys).

It is important to point out that equation (9) incor-
porates an approximation that is essentially an equality
for f < 0.95 but which introduces significant error for
f > 0.99 (See Appendix Il for details.) A technical
difficulty with equation (10) is that there is no guar-
antee that) (s, «, u, N, f) is non-negative, whereas a
fundamental assumption of the Poisson process is that
the Poisson parameter be non-negative. To remedy this
problem, we impose the condition,

Pr{poly|a,p, N} =

a j‘oﬁ(s) efw(smv,u,N,0.0l)fas (12)
Otherwise, a negative Poisson parameter may arise if (10_ ¢ (5.1.0,N.0.0D g

superior mutatioa must appeabeforeoriginal benefi-

cial mutationyto insure that the latter attains maximum This equation is plotted in Figure 6. Given a certain
frequencyf, i.e.,. is negative. In this case, the proba- population size, there is an intermediate value of the
bility that a given beneficial mutation achieves a maxi- beneficial mutation rate at which the probability is
mum frequency of at leaéts equal to one, because an greatest that an arbitrarily chosen beneficial mutation
assumption of our analysis is that the superior mutation will transiently achieve polymorphic frequency. Like-
zdoes not appear before original mutatipiWe have wise, given a certain beneficial mutation rate, there
shown that this assumption does not introduce much is an intermediate population size that maximizes the
error (seéAssumptions of the modgls probability that an arbitrary beneficial mutation will be

"/}(S,a,ua N7 f) = mam{w((S? a? /'I’, N, f)?o}'
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Figure 6 The probability that an arbitrarily chosen beneficial muta- \
tion transiently achieves polymorphic frequency is plotted against
log population size for various beneficial mutation rates. Equation aB
(12) with o = 35. For a given beneficial mutation rate, there is an

intermediate population size at which the probability of achieving Ieapﬁog
polymorphic frequency is a maximum.

time —>»

transiently polymorphic. This result seems reasonable, Figure 7. The Ieapfrog phenomenon iII_ustrated phyloggnetically.
because an increased recruitment rate of benefic;iallggugmi’ggsi?gtﬁzt?gﬁfor'ty genotypes is compared with that of
mutationsuN, increases the probability that a superi-

or mutation occurs before a given beneficial mutation

canreach polymorphicfrequency (i.e., increases clonal transient polymorphisms in 1400 natural generations.
interference). By loweringN, on the other hand, one  The fact that assuming such very different distributions
reduces the probability that a superior mutation occurs results in less than a two-fold difference in estimates
later, hence increasing the probability that a beneficial suggests that these results are fairly robust. The sec-

mutation, which has already achieved polymorphic fre- tion Assumptions of the modejsves a more complete

guency, will go to fixation (i.e., is not transient). discussion of this test of robustness.
Given the parameters estimated previously for an
evolvingE. colipopulation ¢ =35, =2.0x 10°°,N Probability of transiently common mutations: the

= 3.3 x 107), the probability that an arbitrarily chosen leapfrog
beneficial mutation becomes transiently polymorphic
is approximately 0.034. WitpN ~ 0.07, a beneficial  In a slight variation of the previous section, we will
mutation would have occurred every 15 generations now examine the probability that a beneficial mutation
or so. Of these, about 1 in 30 would become tran- achieves a frequency of 0.5 but is not fixed. We devote
siently polymorphic. Hence, one would expect about a separate section to this special case because of the
three transient polymorphism&>0.01) in 1400 nat-  strange dynamics it would present to an observer of a
ural generations. This number is roughly comparable population in which it occurred. In this case, a mutant
to the number of periodic selection events that were Abreaches majority status before being supplanted by
observed. This correspondence suggests that each bera superior mutaraB, where both mutants are derived
eficial mutation that went to fixation displaced notonly directly from the same ancestal. At the genetic lev-
its ‘parent’ genotype but also a ‘sibling’ genotype that el, this appears as a ‘leapfrog’ episode in whigtb
had achieved some success. replacesab as the most common genotype and there-
Surprisingly, these estimates do not rely heavily on after aB replacesAb as the most common genotype,
the assumption that beneficial mutations are exponen-even thougl{ii) aB is more closely related tab than
tially distributed. Calculations based on an alternative to Ab(Figure 7). If one were to sample this population
rectangular distribution show that the probability that attimest;, t,, andts, as indicated in Figure 8, then one
a beneficial mutation transiently achieves polymorphic would observe that the sample frdgis more closely
frequency is approximately 0.05. Thus, by assuming a related at the genetic level to the sample takeh at
rectangular distribution, one might expect about four than to that taken d.
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Figure 8 The leapfrog phenomenon illustrated dynamically. Geno-
type ab is displaced by mutanf\b, which is later displaced by
alternative mutanaB. Equations (25) and (26) wit), = 0.09,s; =

0.13. Note that genotypes sampled at tigx@re more closely related
to those sampled & than to those sampled &t

Following the derivation of equation (12), the prob-
ability that an arbitrarily chosen beneficial mutation
transiently achieves a frequency of 0.5 or more is

Pr{leapfrog|a,u, N} =
« }071'(3) e~ ¥(s:0,0,N,0.5)—as
0

(1 _ e—'y(s,u,a,N,O.S)) ds

(13)

Using the parameters previously estimated from an
evolving E. coli population, and following the same
logic as described at the end of the previous subsec-
tion, a beneficial mutation would occur every 15 gener-
ations or so. About one in every 55 of these mutations
would be subject to the ‘leapfrog’ effect, which should
thus occur every 800 generations or so. Therefore, itis
quite possible that some of the three periodic selection
events observed during the 1400 natural generations
experiment were complicated by this effect. Whether
empirical data would resolve the leapfrog as one or
two periodic selection events would depend, in part,
on how close in time the relevant genotypes became
numerically dominant. If a leapfrog was resolved as
two distinct periodic selection events, then the descen-
dants after 1400 natural generations should differ from
the founding ancestral genotype by fewer than the three
beneficial mutations that would be expected under the
presumption that each periodic selection event was
caused by the sequential substitution of an addition-
al mutation (Figure 8). Figure 9a shows a numerical
simulation of theE. coli populations using the empiri-
cally estimated parameters. The resulting trajectory for
mean fitness, shown in Figure 9b, illustrates that a sin-
gle leapfrog episode may indeed give the appearance
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Figure 9 (a) A simulation of competition among numerous bene-
ficial mutations. The heavy lines represent genotypes that achieve
majority status. Note that a leapfrog event has occurred in this par-
ticular simulation. Selection coefficients were drawn at random from
an exponential distribution. Parameters usedoare35, ;1 = 2.0 X

10-9, N = 3.3 x 10’. (b) The mean fitness trajectory of the pop-
ulation simulated in panel (a). Note that the leapfrog phenomenon
gives the appearance of two distinct periodic selection events.

of two periodic selection events. But rather than imply-
ing the successive fixation of two beneficial mutations,
only a single substitution has actually occurred.

Discussion
Summary of results

Competition between clones that carry different bene-
ficial mutations may be very important for the evolu-
tionary dynamics of asexual populations. The preva-
lence of such ‘clonal interference’ among beneficial
mutations increases dramatically with population size
and with mutation rate. The following points summa-
rize some of the most salient consequences of clonal

interference:

1) The fixation probability of a given beneficial muta-
tionis a decreasing function of both population size
and mutation rate.

2) Substitutions appear as discrete, rare events, no
matter how frequently beneficial mutations arise. If
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a beneficial mutation is to overcome clonal inter- ment. Thatthis effectincreases with the dimensionality
ference and become fixed, then it must confer a of the fitness landscape is an easily demonstrable fact
substantial selective advantage. The advantage thatof geometry. A convincing argument for the use of
is required for a reasonable probability of fixation the exponential distribution in particular comes from
is an increasing function of population size and extreme value theory (see Gillespie, 1991, p. 262).
mutation rate. Suppose thaM fitness alleles are present in a popu-

3) Therate offitness increase is an increasing function lation such thaW;;>W2>W3>...>W;;) (WhereW
of both population size and mutation rate, but itis denotes fitness). If the population is in dynamic equi-
only weakly dependent on these parameters whenlibrium, then the fittest of thesd alleles greatly out-
their product is not small. numbers the othevl-1 alleles, which are held at some

4) Using observable trajectories for the mean fitness low frequency by mutation-selection balance. A fithess
of evolving asexual populations, it is possible to mutation results in a genotype whose fitness is drawn at
estimate both the beneficial mutation rate and the random from some unknown parent distribution. Now,
distribution of beneficial mutational effects. We imagine that a novel fithess mutation appears that is
obtained such estimates for an evolving laboratory beneficial (i.e., fitter than the current fittest genotype).
population ofEscherichia coli If we denote the fitness of this mutation g, then

5) Beneficial mutations that become transiently abun- W >W3; and the selection coefficient of this novel

dant, but which do not go to fixation, may be quite utation iss — g_[i] — 1. Gillespie (1991) shows that

common in asexual p_opulaﬂons. . . this s is exponentially distributed in the limit asl

6) Spme of Ehese tra’nS|ent p(_)lymo_rph|sms may give _, . regardless of the shape of the unknown parent
rise to a ‘leapfrog effegt, n W.h'Ch the majority distribution. (The reason for this result has to do with
genotype atsome pointin time is less closely relat- the fact thatV,g) andWy are the two largest fitnesses;

ed to r‘:he |mmed|at|e_ly preceding rgajorlty geno- they are extreme values of the parent distribution.) In
type than to an earlier genotype. Parameter esti- oo words, in the limit of infinite fitness alleles, the

mates obtain_ed for the_ evolving Iabpratory pop_ula- distribution ofsis necessarily exponential.
tion of E. coliare consistent with this effect being To evaluate the sensitivity of our analysis to the

an importantfeature of asexual dynamical systems. assumption that selection coefficients are exponentially

A . fth del distributed, we replaced the exponential density with a
ssumptions of the models rectangular density, i.e.,

1/3max » 8 < Smax

al form of the distribution of beneficial mutational 0 . 8> Sma-

effects is that of an exponential distribution. Kimura

(1979) employs the more general gamma distribution See Appendix IV for results of these derivations. Fol-
to describe the distribution afeleteriousmutational lowing the logic employed irfEstimation of parame-
effects. Elena et al. (1998) have shown that a compoundters, we have estimated the parametgys, andu to
gamma-rectangular distribution fits well to experimen- be 0.12 and 5< 10-1°, respectively, for an evolving

tal data from transposon-induced mutationg&ircoli. laboratory population oE. coli. Note that the bene-
Intuitively, the exponential distribution seems a good ficial mutation rate estimatey, is of the same order
choice for beneficial mutational effects, because it is of magnitude as was obtained assuming exponential-
reasonable to suppose that there are many more benefily distributed selection coefficients. Figure 10 further
cial mutations of small effect than of large effect. Fisher shows that replacing the exponential with a rectan-
(1930) reasoned that most mutations of large effect are gular density changes the resulting fixation probabili-
deleterious as a geometrical consequence of the highties only slightly. The slight discrepency whei is
dimensionality of fitness landscapes. He argued that very small, such that clonal interference is unimpor-
the ratio of deleterious to beneficial mutations increas- tant, arises because the average selection coefficient
es with mutational effect (i.e., phenotypic difference (and hence g is slightly higher for the rectangular
between mutant and non-mutant), because a largethan for the exponential distribution. The probabilities
radius in phenotypic space is very likely to circum- of transient polymorphisms (eithér=0.01 orf>0.5)
scribe potential improvements, whereas a small radius are consistently higher when a rectangular density is
stands a better chance of being tangent to an improve-assumed, although the discrepancies are small. In view

The models presented here assume that the gener- (s) {
p(s) =
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beneficial mutation. To address this possible complica-
tion, the probabilistic models were made fully dynamic
by considering all beneficial mutations since the most
recent substitution. When the dust settled, the results
were essentially unchanged from those that we have
presented. For example, the fixation probability of an
arbitrarily chosen beneficial mutation was changed by
a factor of which is inconsequential becausés

N = 10°

ol
e . generally large.
-6 -4 An assumption made in estimating the parameters
Logy, (beneficial mutation rate, h) a andy from observed fitness trajectories is that the
sudden jumps observed in these trajectories are, in fact,
Figure 10 The probability of fixation of an arbitrarily chosen ben- £y ation events. Based on the resultsTofe leapfrog
eficial mutation is plotted against the beneficial mutation rate, . . . .
for various population sizes. The solid lines indicate probabilities however, this assumption is questionable; if a leapfrog
assuming an exponential distribution of beneficial mutational effects €vent were to occur, then it would give the appearance
s i i s one et g O 0 such fation verts (Figure o). Thus, of the
ution of beneficial mutgtional effects (Eq. [33] with,a =0912, as three Observed Jum_ps n f|tr_1ess during 1400 natural
estimated from thé. coli populations). The discrepancies resulting  9enerations (Lenski & Travisano, 1994), for exam-
from the different distributional assumptions are small. ple, perhaps only two were actual fixations and one
was the result of a leapfrog episode. If this were the
case, then our estimates@findy would be incorrect.
of these results, our analyses appear to be reasonablylo evaluate the degree to which these estimates may
robust with respect to the form of the distribution of be in error, we changed the assumption that observed
selection coefficients. fitness jumps represent fixations and assumed instead
A second assumption of our analyses is that nei- that these jumps represent beneficial mutations that
ther the beneficial mutation rate nor the distribution achieved a frequency df > 0.5. To that end, we
of selection coefficients changes over time. But in employed the derivations dElonal interference — a
a constant environment, a population becomes bettergeneral model This change of assumption did not
adapted with time, leaving progressively less room for appreciably affect the estimates € 29, u = 1.6 x
further improvement. It is likely that a well-adapted 10~°), indicating that our initial assumption, at least in
population hagi) a lower overall rate of beneficial this case, did not introduce much error.
mutation, (ii) a smaller average effect of beneficial
mutations, or both. Consequently= u(w) may be a Model validation by simulation
decreasing function of fitness, whereas a(w) may
increase with fitness. These parameters are thereforeA general result of the sectio@Jonal interference and
constant only whewm is constant. This condition may fixation is that trajectories of population mean fithess
be metin an environmentthat changes just fast enoughare characteristically punctuated, with sudden jumps
to counter adaptation of a population. followed by long periods of stasis, regardless of the
A third assumption made in these models is that the mutation recruitment ratg;N. To assess this general
progress of a given beneficial mutation is unaffected prediction qualitatively, we simulated the occurrence
by the presence of inferior beneficial mutations. By of, and competition among, many different benefi-
definition, inferior beneficial mutations cannot them- cial mutations whose selection coefficients were drawn
selves competitively exclude a given beneficial muta- at random from an exponential distribution. Figure 9
tion. However, the selective advantage of a given ben- demonstrates that, despite fierce competition among
eficial mutation will be lower relative to these inferior numerous beneficial mutationgN = 0.1), the popu-
beneficial mutations than relative to the ancestral geno- lation mean fitness is not appreciably affected until a
type, and so inferior beneficial mutations may prolong fithess variant achieves high frequency. (These results
the time that is required for fixation of a given ben- also lend supportto the assumption that mutations infe-
eficial mutation. As a consequence, there may be arior to the currently dominant variant play a negligible
longer interval in which a superior beneficial mutation role in clonal interference.)
could appear that would prevent fixation of the original

Logyo (probability of fixation)
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To test the models quantitatively, we ran repeat- be substantial in a large population. Recombination
ed simulations. The probabilistic predictions grthe would remedy such inefficiency, which suggested an
probability of fixation (ii) the expected fitness increase evolutionary advantage for sex. This argument was
conferred by a substitutiokiji) the expected substitu- restated and explored analytically by Crow and Kimura
tion rate, (iv) the probability of transiently achieving (1965), to which Maynard Smith (1968) responded by
polymorphic frequency, all agreed well with a large pointing out that Muller’s original argument relied on
number of fully stochastic simulations. We emphasize the erroneous assumption that mutations were unique
that these simulations allow for the more realistic situ- events, such that each could occur only once. In a
ation in which a mutant may acquire further beneficial counter-example, Maynard Smith demonstrated that

mutations at any time after its appearance. models of sexual and asexual systems yielded the same
rate of adaptive evolution when mutations were treat-
Inclusion of the double mutant ed as recurrent events. For a nice summary of this

controversy and further developments on this topic,
To this point, we have emphasized competition see Felsenstein (1974, 1988). Much recent work has
between three genotypes, the progeniads) @nd two focused on how fixation probabilities are affected by
mutants that carry different beneficial mutatiord ( variance in fithess at background loci and the degree
andaB). However, a fourth genotype should eventu- of linkage to these loci (Barton, 1993, 1995; Keight-
ally appear that has both beneficial mutatioAB)( If ley, 1991; Pamilo, Nei & Li, 1987; Peck, Barreau &
the effects of the two beneficial mutations on fithess are Heath, 1997). Barton (1994) derived the conditional
additive, then the double mutant will eventually take probability of fixation of a beneficial mutation given
over the population. A full treatment of the dynamics that a single substitution occurs or that substitutions
involving this fourth genotype is beyond the scope of occur at a given rate. He explored the dynamics of this
this paper. For now, we address only one particular probability under varying degrees of recombination.
issue. If a leapfrog event is to be manifest, then geno- We believe that the models presented here may con-
types Ab and aB must each achieve majority status tribute to understanding the evolution of sex by giving
beforeAB does; otherwise, the dynamics will appear an explicit expression for the unconditional probabil-
as a sequential substitution (Figure 7). The probability ity of fixation of a beneficial mutation, in the limit as
of occurrence of the leapfrog must, therefore, incor- recombination rate goes to zero.
porate the probability that sequential substitution does ~ Another part of a population’s reproductive strate-
not occur. We have conservatively estimated this prob- gy, namely its mutation rate, may also be affected by

ability as the clonal interference phenomenon. Much work has
ot been done to determine whether and how natural selec-

() [ ] tion may adjust mutation rates. A high mutation rate

“rPY T, /y(t) dt e may confer an evolutionary advantage, for example, if

0 it increases the rate of substitution of beneficial alleles.

this factor was incorporated into the integrand of equa- This advantage, however, must overcome the disad-
tion (13) and found to have a negligible effect (proba- vantage of a parallel increase in deleterious mutations.
bilities were reduced by no more than five percent for Leigh (1970) demonstrated theoretically that elevated
a wide range of parameters). Therefore, we neglectedmutation rates can evolve in asexual populations that
this factor in our earlier developments in order to keep experience oscillating selection on some locus. Since

things as simple as possible. then, much work has supported the notion that evolu-
tionary elevation of mutation rates is at least possible,

Implications for the evolution of reproductive and perhaps likely, in changing environments (Gille-

strategies spie, 1981; Ishii et al., 1989). In light of the devel-

opments presented in this paper, however, it seems
Muller (1964) briefly alludes to the concept of clonal that the strength of selection to elevate mutation rates
interference while making a case for the evolutionary (above some minimal value set by the physiological
advantage of sex. Muller argued that adaptive evolu- cost of fidelity) may be smaller than the established
tion of asexual populations is inefficient, because the theory would indicate, especially when populations are
fraction of beneficial mutations that are lost due to large. As we have shown, an increase in mutation rate
competition with alternative beneficial mutations may hardly changes the rate of adaptation of large popula-
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tions because of clonal interference (Figure 5). To gain transiently common, but then disappear, if the environ-
an appreciable increase in the rate of adaptation for ament changes so that the mutation is no longer favored.
large population would, therefore, require a dispropor- For example, Holmes et al. (1992) followed the
tionate increase in mutation rate. Such a large increasemolecular evolution of a population of the human
in mutation rate, however, would undoubtedly have immunodeficiency virus (HIV) within a single infected
a detrimental effect due to the greatly increased pro- patient, and their data show several instances of tran-
duction of deleterious alleles. Consequently, it seems siently common mutations. In particular, they mon-
reasonable to suggest that selection for elevated muta-itored changes in the RNA sequence encoding the

tion rates should be weak in large populations. third hypervariable loop of gp120 (V3) throughout the

asymptomatic phase of infection (7 years) of a single
Implications for the general nature of adaptive hemophiliac patient. All 12 viral sequences that were
evolution obtained immediately after infection were identical,

and these were denoted as sequence A. In year three, a
Three especially interesting consequences of the set of related sequences, denoted C1 through C5, were
results obtained here concern the general nature ofnumerically dominant (11 of 15), butin year seven they
adaptive evolution in asexual populations. The first and their descendants comprised only a small fraction
is that one should expect the trajectory for mean fit- of the population (2 of 13). By contrast, sequence E1
ness of any asexual population to be punctuated with was present only as a small minority (1 of 15) after three
short bursts of rapid, significant increase followed by years, but after seven years it and its descendants were
long periods of stasis, regardless of the size of the numerically dominant (10 of 13). Within the E1 clade,
population or its mutation rate. This result contra- a subset of derived sequences, denoted E2 through ES5,
dicts the intuitive, but erroneous, view that discrete became numerically dominant after five years (19 of
bouts of periodic selection (in which individual muta- 23). However, neither they nor their descendants were
tions sweep to fixation) should overlap, thus giving the represented by even a single sequence in years six (0
appearance of continuity, when the mutation recruit- of 15) and seven (0 of 13). Thus, it is evident that
mentrateuN, is sufficiently high. A second intriguing  certain mutations became transiently common, only to
implication is that there exists a ‘speed limit' on the decline subsequently in frequency. Moreover, the data
rate of adaptive evolution in asexual populations. As show the ‘leapfrog’ effect in which the majority type
shown in Figure 5, the rate of improvementin a popu- at one point in time isiot descended from the major-
lation’s mean fithess decelerates with increagiaond ity type that immediately preceded it. Holmes et al.
N. This result reflects intensified clonal interference as (1992, p. 4838) recognized the importance of these
well as the longer time required for selection to pro- dynamics when they said that changes in the viral pop-
ceed to fixation in large populations. A third important ulation, ‘instead of being the sequential replacement
consequence is closely related to the second: the rateof one antigenically distinct variant by another, may
of adaptive evolution is clearly not always limited by involve a complex interaction between the different,
mutation rate. In fact, because of clonal interference, and competing, evolutionary lineages present in the
the rate of adaptive evolution is only weakly dependent plasma.’
on mutation rate and population size unlgbkis small The one caveat to our interpretation of these data,
(uN < 0.1 fora = 35). however, is that the host immune system responds to
the viruses, and so the HIV population is evolving in a
Evidence for transiently common beneficial mutations changing environment. Thus, for example, sequences
in microbial populations E2 through E5 may not have been driven extinct solely
by an intrinsically superior mutation, but instead they
One of the intriguing consequences of asexuality is may have become selectively disadvantaged after they
that beneficial mutations may become quite common were targeted by the immune system. This scenario
temporarily but eventually go extinct as superior muta- is supported by the fact that the V3 loop is a princi-
tions arise (Figures 8 and 9). In principle, it should be pal target of the immune system. But even with the
possible to find evidence for this effect in natural pop- added complication of the changing immune environ-
ulations of asexual organisms. A complication arises, ment, asexuality can have important dynamical con-
however, in that a beneficial mutation may also become sequences for HIV and other pathogens. In particular,
the ‘leapfrog’ effect necessarily increases the genetic
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distance between successive majority types (Figures 7able contribution toward a general understanding of
and 8), and so it may actually facilitate a pathogen’s evolutionary dynamics in asexual systems.
evasion of the host immune response.

An unambiguous demonstration of the ‘leapfrog’
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Appendix |: Probability of surviving drift

In the first few generations of growth, a beneficial
mutation may be lost by random sampling events,
or drift. Haldane (1927) derived the probability of
surviving drift for a single beneficial mutation. His
derivation made use of a result from the theory of
branching processes, which states that probability of
extinction (i.e., not surviving drift) is obtained by
solving the equatiorf(¢) = ¢, where f(¢) is the
probability-generating function for number of off-
spring (see Ewens, 1969, p. 79). A simple assumption
for multicellular, sexual organisms is that this func-
tion generates a Poisson distribution, in which case
the probability of survival of a beneficial mutation
approximate®s Our analyses, however, are based
on the fundamental assumption of no recombination.
We may further restrict our analysis to a particular kind

of asexual organism, namely asexual bacteria. Bacte-

ria reproduce by binary fission, and so we derive the
generating function as follows. Our assumption of a
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constant population size (see below) implies a sam-
pling event every generation. Thus, a bacterium that
divides before sampling will leave zero, one, or two
offspring after sampling. In the case of bacteria, there-
fore, the probability-generating function for number of
offspring is
F(#) = (1= /2 + (1~ ¢/2)¢
+(c/2)%¢?,

wherec is the expected number of offspring after divi-
sion and sampling. Thus, the probabilities of passing
zero, one, and two offspring to the next generation are,
respectively(1 — ¢/2)?, ¢(1 — ¢/2), and(c/2)2. The
selective advantage of the mutantsis In ¢ by def-
inition, or approximatelys ~ ¢ — 1 whensis small.
Letr(s) denote the probability that a beneficial mutant
survives drift. Then, by substituting 1sHor cin (14)
and solving the equatiofi(l — 7 (s)) = 1 — n(s), we
obtainz(s) = lfs) , Which is approximately gfor
smalls. All derivations in this paper employ the gener-
al notation;r(s), whereas all computations implement
the approximationg (s) = 4s.

(14)

Appendix Il: n-genotype logistic system with
mutation

General solution
Logistic dynamics of am-genotype system are mod-

eled by assuming th&f) total population size is con-
stant, i.e.,

wherex; is number of individuals of genotypgand(ii)
the differences in Malthusian parameters are constant:

m; —mi=8;, 1=2,..,0n, (15)
where
m; = z—lidfti,and
— 1dxys _
my = xy dt

() (%)

Equation (15) may, therefore, be rewritten as:

da;
dt
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1d.ti
zodi T

T

(%
j=2

This system ofn-1 equations can be rearranged as
follows:

n -1
(N — Z .’L‘j>
j=2

(16)
%) =s;, 1=23,..,n.

dx i
dt

1™
=T; (S,'—stjl'j> y (17)
j=2

wherel = 2,3,...n. Although this system of equations is
non-linear, its symmetry makes an analytical solution
possible. The key to its solution is the transforma-
tion X; = Inx; — s;t. The system of equations now
becomes:

dX; 1 & .
e e 2 L L A L)
j=2

wherei = 2,3,...n. Thus, the time derivatives of all
transformed variables are equal:

dX; dX;
—-—==0 19
dt dt ’ (19)
where i,j = 2,3,..n. Integration of (19) vyields

Xi — X; = k;j, andk;; is a constant of integration that

is determined from initial conditions:
kij = X;(0) — X;(0) =
|n.’L'i(0) — Inx]- (O),

wherei,j = 2,3,...n. Thus, the system of equations is

uncoupled by substituting; from (18) with X; - k;;,
which yields:

(20)

dX; _
dt

1 n
N Z 5j eXi—kijtsst (21)
j=2

wherei = 2,3,...n. From solution and subsequent back-
transformation of equation (21), the analytical solution
of ann-genotype logistic system is obtained:

z;(t) = z;(0)e%i?

-1
(H% > (0 (e —1)) . @

=2

wherei = 2,3,...n, and

(23)

Application of boundary conditions due to mutation

If genotypei appears by mutation at time;, then
boundary conditions are;(7; = 1. From these, the
initial conditions are determined; they are

Xo=R™IN, (24)

whereXy is a vector whose elements arg(0),i =
2,3,...,n,R is ann-1 x n-1 matrix whose elements
are

- Ne5m 41 i=j
Yo 1_68jTiv Z#]v
i,j =2,3,...n,andN is a vector whose-1elements are
the constani.

Notation for the 3-genotype case

The developments in this appendix use a more general
notation than is used in the rest of the paper, wixgre

is simply denoted by, x; is denoted by, andxs is
denoted byz. This 3-genotype case has the particular
solution:

y(t) = et [rlo) + 4+
(esyt 14 Zj(g_;(eszt _ 1))} -1

o) = et [

(eszt -1+

(25)

+3

y(0)
z(0)

(esvt — 1))} 71.

The initial conditions are determined from the bound-
ary conditionsy(0) = 1 andz(t.) = 1; they are

y(0)=1
26
2(0) = g2 (20)

Appendix lll: Expected number of candidate
replications

Here we derive the expected number of replications that
may generate superior mutations that prevent a given
beneficial mutation from attaining some frequericy,



We have called thesgandidate replicationsdenoted
byR, in the subsectiorClonal interference —a general
model The crucial step in the derivation Bfis finding
an expression for the time,, at which a superior
mutation must appear if the original mutation is to
attain a maximum frequency of exactly

The time, t,,,,, at whichy reaches a maximum
number is determined froﬁéﬂtmw(tz) =0;itis

tmaz(tz) =1
In Sy > N2 (27)
S5:—8y elsy—s=z)tz | N e—sztz ) °

Whene(ss—5:)t= < Ne—s:t= (i.e., whene®v!= < N),
equation (27) is well approximated by omitting the
terme(sv—#-)t- from the denominator, resulting in the
approximation

tmae (t2) = 1 In <ﬂ> +t.. (28)
S, Sy — Sy
The constraints under which this approximation works
well are discussed later.
We now calculate the timé, at which superior
mutationz must appear if/ is to achieve a maximum
of exactlyfN. The solution tQy(¢,,4.:(t:)) = fN is

(29)
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2 Ns,y -3

— 1 31
f<lN<sz—sy> + (31)
If we lets, = (s.|s; > s,) = s, + £, and if we
simplify the notation so thas = s,, then the above
condition becomes

-1
f< {%(aszv)lﬁ + 1] . (32)
This upper bound ofireaches a minimum value when
%f = 0, so that an overall bound below which the
approximation works well is obtained by solving for
the value obthat satisfies Ifas N) = 1+% and using
that value in equation (32). In general, the approxima-
tion is valid whenf < 0.95 provided thal is greater
than 10. For the purposes of this paper, the approxima-
tion is essentially an equality because we are concerned
only with the case$= 0.01 andf = 0.5, for which the
approximation works extremely well. We compute fix-
ation probabilities, i.e., the boundary cage> %
using the simpler derivations i€lonal interference
and fixation

Appendix IV: Functions employing the
rectangular distribution

We present here the results only of the derivations in
which a rectangular distribution replaces the exponen-
tial distribution of beneficial mutational effects. The

Next, we use the fact that the expected number of yropapility of fixation of an arbitrarily chosen benefi-

candidate replication®, givens, ands, > s,, is well
approximated by evaluatir@ats. = (s.|s; > sy) =

sy + %, to derive the expected number of candidate
replications:

—

R~

o

| x(t)dt
Nin (N [1+ (rlas)

(( —1)(asN)=s+1 — as)} 1)

wheret. is simplyt. evaluated at, = Sy + %

The approximation made in equation (28) is, for
our purposes, essentially an equality wherd- < N.
If we combine this condition with equation (29), then
the approximation works well only when the frequency
f meets the following condition:

(30)

sl

cial mutation is:

Pr{fiz|smaz,p, N} = L

Smaz

Smaa
[ m(s)e  Ar(smanii.N) g
0

(33)

where

AR(S, Smazs 1t V)
gPmaz _ g2
gNlan( e )
(assuming thatr (u) is approximately linear). The

expected rate of substitution of beneficial mutations
is:

< o (Smaz, b, N) >=
uNPr{ fiz|smaz, p, N }-

The expected selection coefficient of successful muta-
tionsis:

(34)
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where
< Sr(Smaz, b, N) >= . l
Smax XR — + 1
sﬂ,(s)e—AR(s.smamm,N)ds (35) Sman 5 )
, (smar =513 = 1) (72255) ™7~ 24
f ﬂ(S)E_)‘R(Sv‘snlam,[A,N)ds

0

The probability that an arbitrarily chosen beneficial

whereAg(s, smaz, i, N) is as defined above for equa-  mutation transiently achieves polymorphic frequency
tion (33). The expected number of superior mutations (f > 0.01) is:

in the interval (0%.) is:

YR(8, Smaz, 1, N, f) = Pr{poly|smaz,p, N} =
N 2maz 2 (36) Smaw
%N In (X_R) s (825,,“;3 ) . - 1 f ﬂ-(s)e_wﬂ(sysnw_am7“7N70'01) (38)
maw 4
The expected number of superior mutations in the inter- (1 — e~ 7A(5:8maz u.N,000)) g

val (t,,ty) is:
Finally, the probability that an arbitrarily chosen ben-
YR(S, Smaz, 1t N, ) = eficial mutation transiently achieves majority status is
mas 2 (37) obtained by replacing 0.01 in equation (38) with 0.5.
LN In(x)m ( per ) , y replacing q (38)




